Abstract-A co-design of sampling rate scheduling and optimal control is investigated for networked control systems (NCSs) with transmission delay and packet loss. The basic purpose of proposed co-design scheme is to save substantial communication in both the sensor-to-controller channels and the controller-toactuator channels, while guaranteeing optimal control performance of NCSs. Firstly, a switched systems model used to describe NCSs with sampling periods subject to a finite set is constructed. Secondly, guaranteed cost control is studied for NCSs in order to obtain two upper bounds of quadratic performance of systems under the two cases, (a): the worst network communication condition and the longest sampling period; (b): the best network communication condition and the shortest sampling period. After the above preparations have been done, a performance partition-based sampling rate scheduling algorithm is developed to perform co-design strategy for NCSs. Moreover, to calculate control performance in real-time approach and guarantee the asymptotically stable of systems, adaptive controllers are designed in terms of linear matrix inequality (LMI) technology. Finally, a numerical example and simulations are given to illustrate the effectiveness of the proposed method.
I. INTRODUCTION
Different from traditional control systems, networked control systems (NCSs) is closed-loop control systems, where control nodes (sensors, controllers and actuators) communicate over bandwidth-constrained networks [1] [2] [3] . Sampling rate is an attractive paradigm in NCSs, since it has an important affect on quality of service (QoS) of networks and control performance of systems [2, [4] [5] [6] . From the control systems point of view, frequent sampling is desired to improve the control performance. However, QoS of networks degradation may be appeared because of high sampling rate (transmission rate), leading to negative effect on control performance since it is highly sensitive to QoS of networks [7] . Hence, there exists an apparent conflict between the need to achieve highest sampling rate and enhance QoS of networks, while guaranteeing a good control performance of NCSs. Thus, how to determine proper sampling rate for NCSs is a challenge.
Much more efforts have been put into research on sampling rate for NCSs for many years [2, [4] [5] [6] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Up to now, most of researchers are still focused on time-triggered sampling scheme [8] [9] [10] [11] . Actually, it is less preferable sometimes for NCSs due to unnecessary waste of communication resources when no new information is desired and need to be delivered over communication networks for well operating systems [12] [13] [14] . [2, 4, 5] considered the stochastic, uncertain or timevarying features of sampling period, and stability and synthesis of NCSs were investigated. Noted that the adjusting or control policy for the sampling interval is not presented in [2, 4, 5] . Recently, rapidly growing interest in actively adjusting sampling rate for NCSs has been witnessed. In order to operate actively sampling rate adjustment scheme, a interest try that determines sampling policy based on QoS of networks has been developed. For examples, the sampling interval was updated in terms of transition probability and second moment stability was studied in [6] ; [15, 16] proposed a sampling rate scheme according to transmission delay, and the sufficient condition for stability was given. To cope with communication resource waste in NCSs, the event-triggered control strategy has attracted rapidly increasing interest. The fundamental principle is that the state or output of systems are sampled and delivered only when certain performance index is not satisfied [12] [13] [14] . From this sense, the event-triggered sampling rate control is a solution to tradeoff between QoS of networks and control performance of systems. To the best of the authors' knowledge, the sampling rate control strategy that contributes to reduction of the network resource occupancy while optimizing the control performance for NCSs has not been fully investigated to date. Especially for performance partition-based sampling rate scheduling for NCSs with timevarying transmission delay and packet loss, no results have been available in the literature so far, which motivates the present study.
The specific problem addressed in this paper is co-design of the sampling rate and optimal control for NCSs in the presence of transmission delay and packet loss. The two main contributions of this paper can be summarized below:
The rest of the paper is organized as follows. Section 2 is concerned with constructing model of NCSs. Section 3 investigates guaranteed cost control for NCSs with transmission delay and packet loss. In Section 4, a novel sampling rate scheduling strategy is presented. The results of numerical simulation are illustrated in Section 5. Conclusions are stated in Section 6.
II. NETWORKED CONTROL SYSTEM MODELING
Consider the following systeṁ
where x(t)∈ℜ and u(t)∈ℜ are the state vector and control input vector, respectively; A and B are some constant matrices of appropriate dimensions. It is well known that the digital controller and zero-order hold transformation are usually applied in the NCSs, in this context, the states of systems are sampled and are transmitted over networks. Then, system (1) is discretized as
where x = x( ), x +1 = x( +1 ), A = Aℎ and B = ∫ ℎ 0 A B . ℎ = +1 − . denotes the ℎ ( = 0, 1, ⋅ ⋅ ⋅) sampling time instant, and ℎ is the sampling period. Here, we define a finite set Ω = { 1 ℎ, 2 ℎ, ⋅ ⋅ ⋅ , ℎ} ( is some positive integer) and assume time-varying sampling period ℎ ∈ Ω. Fig. 1 illustrates a framework of the proposed performance partition-based sampling rate scheduling for a NCS.
The state feedback controller can be expressed as
where K is some constant matrix of appropriate dimensions. Associated with this system (2) is the following cost function
Since the states of systems and control signals are transmitted over the communication networks with limited bandwidth, the transmission delay and intermittent packet dropouts are inevitable in the communication channels. Three natural assumptions are made as follows:
1. Sensor and actuator are self-triggered synchronously, the period is updated base the proposed scheduling scheme, and the controller is event-driven [17] .
2. The network transmission delay is bounded [18] , that is 0 ≤ = + ≤ 1 ℎ ( 1 is some positive integer), where and denote sensor to controller delay and controller to actuator delay, respectively.
3. The number of packet losses from the sensors to the actuator is bounded [19] . 2 ( 2 is some positive integer) denotes the maximum number of consecutive packet losses.
Thus, the control input u( ) is constant during a sampling interval [ , +1 ), and there are
where ( ) = 1 or 0, and ∑
=0
( ) = 1. The closed-loop system can be obtained by substituting (5) into (2)
And, (4) is rewritten as
For ease of understanding the system (6),
( ) = 1 and ℎ ∈ Ω, then, there are ( +1) possible values for d , obviously. Similarly to our prior effort [10] , for ease of notation, we define a vector-valued function : d → ( ) to map the vector d into a scalar number ( ) ∈ ℑ = {1, 2, ⋅ ⋅ ⋅ }, where = ( + 1). Detailed mapping relationship between d and ( ) can be found below
and all of others ( ) = 0 ( ∕ = 0). In this case u = Kx . Remark 1. Actually, the system (6) can be interpreted as a discrete-time switching system and it switches whenever ( ) changes in the set ℑ. ( ) = denotes that the no. subsystem of (6) is operating.
Since (6) is a switching system, we will design an adaptive controller gain K in order to adapt to no. ( ( ) = ) subsystem. Thus, matrices A and B related to ( ) are rewritten as A , and B , . Let
III. GUARANTEED COST CONTROL In this subsection, we will present two guaranteed cost upper bounds for the two cases. One case is that the sampling ℎ = ℎ, ( ) = 1 and ( ) = 0 ( = 0, 1, ⋅ ⋅ ⋅ , − 1). The other case is that ℎ = 1 ℎ, (0) = 1 and ( ) = 0 ( = 1, 2, ⋅ ⋅ ⋅ , ). It should be pointed out that the above two cases are the worst network communication condition, the longest sampling period and the best network communication condition, the shortest sampling period, respectively. For the purpose of obtaining the two guaranteed cost upper bounds, the following Theorems are given. Theorem 1. For a given scalar , matrices
then the closed-loop system (6) is asymptotically stable and the corresponding cost function satisfies
where
. . .
Proof. Choosing a Lyapunov-Krasovskii functional candidate which is given by
pre-and post-multiplying both sides of (13) with diag(S , I, I) and its transpose, where
). By Schur complement, and let
where = { (−Θ ), ∈ ℑ}. Summing up both sides of the above inequality from = 0 to =h and Leth → ∞, we can see that for anyh > 1
where 0 and 0 are the initial condition of the system. The stochastic stability is obtained. Due to (17) ,
hence,
Usually, the initial condition of a system is unknown, therefore, similar to [20] , suppose that the initial state of the system (6) is arbitrary but belongs to the set
where U is a given matrix. Thus, (11) is derived. This completes the proof.
In order to obtain the guaranteed cost bound of NCS, we have
. . (10) [ .
Remark 3.
In view of Theorem 1, one can see that the least upper bound of quadratic performance is obtained with respect to all of sampling periods and network circumstances ( arbitrary switching subsystems). However, it is desired to derive the least upper bounds of quadratic performance under two special cases. In order to achieve these, we will give Theorem 2 and Theorem 3 by restricting the conditions of Theorem 1.
Theorem 2. For a given scalar , matrices
Proof. As the matter of fact, if the system (6) is not a switching systems, but is the no. r subsystem. In this case, obviously, 
If the shortest sampling period is chosen for the system (1), and transmission delay and packet loss are absent during data packet delivering over networks, we have ℎ = 1 ℎ, IV. SAMPLING RATE SCHEDULING SCHEME AND OPTIMAL
CONTROL
In this section, we first propose a performance partitionbased sampling rate scheduling strategy; then, the controller design is investigated for NCSs operating the sampling rate scheduling scheme. The fundamental of the performance partition-based sampling rate scheduling is that sampling period is switched according to time-varying control performance of NCSs. If the control performance becomes good, a long sampling interval is chosen; otherwise the short sampling interval will be used. The following sampling rate scheduling algorithm is given: Algorithm 1.
Equally divide
2. For given scalars and 0 , where and 0 is some positive integer, set = 0 and = 0 ; 3. Set = + 1 ( and + 1 denote and +1 time instant, respectively), ℎ is determined based on the following rule
4. For each sampling period ℎ , we need to design adaptive controller in order to calculate
. If < , go to step 3; otherwise, go to step 5;
To perform Algorithm 1, we need to calculate controller gains K for the each sampling period ℎ = ℎ ( = 1, 2, ⋅ ⋅ ⋅ , ). To cope with this, we give the following Theorem.
Theorem 4. For a given scalar , matrices Q
then K = F X −1 are the controller gains that are used to stabilize the closed-loop system (6). Wherê
Proof. Similar to Theorem 1, proof is omitted for saving spaces.
Remark 5.
What still needs to be explained is there exist two obvious differences between Theorem 4 and Theorem 1. (6) that is controlled by the controller obtained in Theorem 1 has ( +1) subsystems. Next, compared with Theorem 1, we needn't derive the cost upper bound and only stabilizing controller need to be designed in Theorem 4.
Remark 6. It should be pointed out that with the increase of quadratic performance, the sampling period becomes short. The goal of this effort is to not only optimize the control performance of NCSs, but also save the communication utilization. From this sense, there exist significant differences from time-triggered sampling technology [8] [9] [10] [11] and event-triggered approaches [12] [13] [14] since the time-triggered sampling may lead to the waste of communication resource and the event-triggered sampling strategy ensure a desired performance determined by a specific threshold.
V. A NUMERICAL EXAMPLE
In this section, we verify the effectiveness of the sampling rate scheduling strategy proposed for NCSs with transmission delay and packet loss. First, we show control results for NCSs under the sampling scheme presented. Then, comparative studies are performed to demonstrate clearly the advantages enjoyed by the suggested sampling rate scheduling scheme described in this paper. Consider the following system A. Verification of sampling rate scheduling scheme.
First, we calculate the upper bound of control performance under the worst network communication condition and the longest sampling period. Namely the no. 9 subsystem works throughout the NCS operation. By Theorem 2, the cost least upper bound * = 1.06 − 08 when the asymptotical stability of the NCS is guaranteed is obtained. Similarly, the cost least upper bound * = 5.93 − 09 is also derived by Theorem 3 under the case of the best network communication circumstance and the shortest sampling period, that is under the first subsystem operation. Based on the sampling rate scheduling strategy proposed in this paper, we have T , the time-varying cost is presented in Fig. 1(a) . The determined sampling period based on time-varying cost and the switching process of subsystems are shown in Fig. 1(b) and Fig. 1(c) , respectively. Moreover, the state response of the NCS, which performs the suggested sampling rate scheduling scheme, in the presence of transmission delay is also given in Fig. 2(a) . From Fig. 1(a) and Fig. 1(b) , the sampling period becomes short with the increase of quadratic performance, and when the performance tends to a steady value, sampling period remains constant. In addition, correspondingly, subsystems are switched based on the sampling period and transmission delay. Table II . Obviously, the more optimal cost and quick response time are obtained in this paper than those in [8] [9] [10] [11] since the sampling rate scheduling is performed. In addition, the bandwidth is saved 20.4% by making a comparison of transmission rate. To sum up, the optimal control performance is achieved under the case of saving the bandwidth. 
VI. CONCLUSIONS
In this paper, we are concerned with co-design of sampling rate scheduling and optimal control for networked control systems (NCSs) in the presence of transmission delay and packet loss. The main idea is that a switched systems model is put forward to describe NCSs where many sampling period can be chosen and transmission delay and packet loss exist simultaneously. Based on it, guaranteed cost control is investigated and performance partition-based sampling rate scheduling scheme is presented. Different from the existing researches on sampling rate in NCSs, the proposed performance partition-based sampling rate scheduling strategy enables communication utilization to be reduced and optimizes control performance of NCSs. Finally, a numerical example and simulations are given to illustrate the effectiveness of the proposed method.
